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Fuchs [4, p. 2991 has posed the question: Which Abelian groups can be the 
group of units of a ring. In this paper we determine all finite cyclic groups 
which occur as the group of units of a ring. In addition we find the structure 
of those rings which are generated over their prime subring by their finite 
cyclic group of units. These problems were solved for finite commutative 
rings by Gilmer [5] and recently reproved by C. Ayoub [l]. Eldridge and 
Fischer [3] found all rings with minimum condition and a finite cyclic unit 
group. Such rings are finite, but not necessarily commutative. In contrast, 
Hallett and Hirsch [6] and again Hirsch and Zassenhaus [7] found a necessary 
condition for a finite group to be the group of units of a torsion free ring. In 
fact they dealt with finite groups which are the automorphism group of a 
torsion free group, but Corner [2] has shown that these classes are identical. 
The problem at hand is to deal with the mixed case. In the course of the paper 
we also give yet another proof of Gilmer’s theorem. 
Any ring is assumed to have an identity which is shared with each of its 
subrings. If R denotes a ring, then R, denotes its prime subring and R* its 
group of units. 2 denotes the ring of rational integers and Z, denotes Z/(n) 
where n is a positive integer. 
1. BAXC I,EMM.G 
Let IV be a finite nil-ideal in a ring R. For p a prime divisor of j N 1 let 
M(p) = {a~N:pa = O}. M(p) is an ideal of R and so 1 + M(p) is a 
subgroup of R". 
Suppose that 1 $ M(p) is cyclic for some p and let 1 -+ a generate 
1 -I_ M(p). Let 1 M(p)i = pr and let an _- 0 with n least. 
LErm4.t 1. 72 =pr-1+ I. 
243 
244 PEARSON AND SCHNEIDER 
Pyoof. Since 1 # (1 -i- a)Pvel = 1 -j- a@ we have prW1 < n. For each 
1 < i < n, ai = (I + a)fili) - 1 for some 1 < s(i) ,( pr. But if 2 < i < 8, 
0 = &+2+i =: &2[(1 + @IdI - 11 = @+[$(i)Q + &] TT s(j) an-1 
and so p 1 s(i). Th us i3 s(i) is a one-one mapping of (I < i < fr} into 
(1 ~~sd~‘:~=lorpis)whichgivesla~p’-’fl. 
LEMMA 2. pr-l < 2. 
Proof. Suppose to the contrary that m = pr-l - 1 2 2 and let j be such 
that (j - 1) p < m < jp. Then if s(m) = pt, 
where the z, are the binomial coefficients. If we multiply successively by 
a++-l for 1 < i < j we get z&l = 0. Thus p / zi and so .ziai = 0. Thus 
the sum above runs from j to t. But if we now multiply by an-+l we get 
an-l = 0 which is a contradiction. 
LEMMA 3 (cf. Theorem 2 of [Xl). iTf / N ; is odd, then N+ is cyclic ;f and 
only if I + iV is cyclic. 
Proof. If 1 + M is cyclic then I -f- M(p) is cyclic for each prime p / / N :. 
By Lemma 2,I M(p)! < 2p and, since p is odd, i M( p)I = p. This makes N+ 
cyclic. 
Kow assume that N+ is cyclic and let a E N with (1 + u)” = 1 for some 
prime p ! ] N /. It suffices to show that pa = 0. Let b generate Nf. Wow 
ba = cb for some integer o and so, if a = u;b, 
a2 = (zo6)a = w(ha) = w(d) = o(d) = 4;a. 
Then if m is the additive order of a we can find an integer t with 1 < t < m 
and a2 = ta. Since as+’ -2 0 for some s, we have 0 = t%, whence m ] tS. 
Thus every prime which divides m also divides t. But 0 x (1 + a)” - 1 = 
22” +r zpak = [x ~#-~]a, so m divides Cs#-r. In particular every prime 
dividing m divides both the sum and t and so divides the term at k = 1, 
namely p. Thus m is a power of p. But the only power of p dividing C z&l 
is p itself. Thus m = p. 
2. FINITE COMMUTATIVE RINGS WITH A CYCLIC GROUP OF UNITS 
Any finite commutative ring with a cyclic group of units is a direct sum of 
finite (commutative) primary rings with a cyclic group of units [9, p. 2051. 
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We reprove Gilmer’s result by finding all such primary rings. Throughout 
this section R will be a finite commutative primary ring in which R* is cyclic; 
N will denote its nilradical and N,, = N n R, the nilradical of R,, . 
If N = (0) then R is a finite field, so we assume that N # 0. Now R, is 
also primary and hence isomorphic to 29 for some prime q. Since R,* is also 
cyclic, we note that q is odd, q5 := 2, or qs = 4. Let S denote the subring of R 
generated over R, by N. 
Assume q is odd. Ry Lemma 3, N + is cyclic. Then since R has characteristic 
q”, we have q” > i X I > 1 N, 1 = q~-‘. If 1 N i = qs--.’ then hi = N, and 
S =-= R, . Assume N ! = q” and let b generate N+. Since hro-+ is the unique 
subgroup of N+ of order qs-1, qb E X0+. Let qb = qt with 1 >g t < ~“-1; 
since 6 has order Q”, (q, t) -z 1. But now b” = 0 for some W, so 0 = qb” = qt”. 
Thus s = 1 since t is a unit. One checks that now h2 = 0, so S is isomorphic 
to Z@[X]/(X’). 
Assume now that qs = 2; then N = M(2). By Lemmas 1 and 2, 2’ = 2 
and n = 2 or 2’ = 4 and tl = 3. In the former case, hr is a two element ring 
with trivial multiplication and so S is isomorphic to .Z,[X]/(X~). In the latter 
case, N+ is the four group, and a3 = 0 where 1 + cz generates 1 $- N. So 
other restrictions obtain and S is isomorphic to Z2[w]/(x3). 
Assume now that 4” := 4; then R, s Z, . Assume that N0 f N. Again 
applying Lemmas I and 2 to M(2) we get 2’ = 2 and n = 2 or 2’ = 4 and 
n =:: 3. In the former case N’ is cyclic, say N = (0, b, 2b, 3b). Then 
N0 __- (0, 2b). In particular, 0 f 2b = 2. But then 2bU’ =: 2, for any w > 0, 
and the nilpotencc of b leads to a contradiction. Thus 2’ ~7 4 and n = 3. 
Now M(2) + is the four group and N+ is the product of two cyclic 2-groups 
with orders 2” and 2t. Let a and b be generators of these groups. Then 2s-%z 
and 2t--16 are generators of M(2)-;-. Since 1 -t M(2) is cyclic of order four, it 
has two generators and these yield (by Lemma 1) two distinct elements of 
M(2) whose square is non-zero but whose cube is zero (n = 3). By symmetry 
we may assume that (2t-1b)2 + 0. But this entails t .= 1. Since the charac- 
teristic of R is four, s < 2. Suppose s = 2. Then 4a = 0, 2n f 0, and 
2b = 0. Since (2~2)” = 0, we have 2a -: 2 (the squares of the other non-zero 
elements of M(2) are nonzero). But then the nilpotence of n yields 2 = 0, 
a contradiction. Hence s = 1 also and so N = M(2). Xow N,, = (0, 2) and 
hroL is a direct summand of hr.!.. Let N = (0, 2, d, d f 2). Then d3 .= 0 and 
0 -= (d + 2)3 -= 2d2. One checks that d2 = 2. We have shown that S is 
isomorphic to ZJx]/@, x2 - 2). 
We are now in a position to determine the influence of the structure of N 
on that of R. We will show that R is actually generated over R,, by N and so 
R = S. Suppose for example that S F- Z,[X]/(X~). Then if b =: 5, multipli- 
cation by b is a homomorphism from R+ onto N+ whose kernel contains no 
units and so is contained in N. Since b2 == 0, bN = 0 and so N is the kernel. 
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Thus j R i -7 1 N I2 = q2 =: : S 1 and R = S. Similarly in the cases where 
S s .Z$, ZJx]i(ti), Z,[x]j(2x, xz - 2) if we consider multiplication by 4, Z, f 
respectively we see again that R = S. We have shown 
THEOREM 1 (Gilmer [5]). If R is ajinite commutative primary ring with R* 
cyclic then R is generated over R, by N. Aforeover, R is isomorphic to one and 
only one of the follo~.ng rings: 
GW> 
G 
z* ; 
ZMi(x*) 
Z2[xl~(x7); 
z*[x]p.x, x* - 2). 
where q z’s a prime and t 2 1; 
where q is an odd prime and s > 1; 
where q is a prime; 
3. A REDUCTIVE FOR THE GENERAL CASE 
PROPOSITION 1. Let S be a commutative ring which is Jinitely generated and 
integral over its prime .&ring. Then S = S, @ S, where S, is a finite ring and 
the torsion ideal of S, is contained in its nilradi~a~. 
PYOO~. First assume that the nilradical of S is trivial. The hypotheses 
require that S be a finitely generated module over the prime subring 
[9, p. 2551. Thus the torsion ideal T of S is finite. In particular, T enjoys the 
minimum condition and has no non-zero nilpotent elements. As a consequence 
of the W’edderburn-Artin Theorem, T contains an idempotent e with T := Se, 
But then 
S=Se@S(l -e)= TBS(i -e). 
For the general case, let N denote the nilradical of S. Then S/N satisfies 
the hypotheses of the lemma and WC apply the argument of the preceding 
paragraph to produce an idempotent splitting off the torsion ideal of S/N. 
If we lift this idempotent to an idempotent p in S [S, p. 721 and let S, = .Sp 
and S, = S( 1 - y) WC get S = S, @ Sa . Now S, is a torsion-ring modulo N 
so in particular its prime subring is finite. But as a homomorphic image of S, 
it is finitely generated and integral over its prime subring. Hence S, is finite. 
Since S, is torsion free modulo N, every torsion clement of 5’s is nilpotent. 
Now in the general case we are interested in a ring R in which R* is finite 
cyclic and R = R,[R*]. This ring R is commutative and satisfies the other 
hypotheses of Proposition 1 and so we get R -= R, @ R, with Rx finite and 
every torsion element of R, nilpotent. In particular R* = RI* x R2* and 
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the factors are cyclic with relatively prime orders. The possibilities for R, are 
given by Gilmer’s Theorem (Theorem 1). Notice that R, is generated over its 
prime subring by R, *. We consider the possibilities for R? in the next section. 
4. THE SECOND SUMMAND 
In this section R will bc a ring in which R* is finite cyclic, R = RJR*], 
and every torsion clement of R is nilpotent. This R should be thought of the 
second summand in the decomposition of $3. We assume that R,, s 2, as 
otherwise R is torsion, its identity is nilpotent, and so R is the trivial ring. 
Note that if N denotes the nilradical of R, then 1 + N is a subgroup of R*, 
which is finite, so A’ is also finite. In particular each element of N is a torsion 
element. Hence N is also the torsion ideal of R. Now the natural map from R 
onto R/N induces a homomorphism from R* onto (R/N)*. The structure of 
R/N is given by the following proposition. 
PROPOSITIOX 2. If V is a torsion free ring in which V* is jinite cyclic and 
V = V,[V*] then V is isomorphic to 2, Z[x]/($ + 1), Z[x]/(~s - s -/- 1) OT 
%[x]/(x3 1. 1). 
Proof. Since V* is the group of units of a torsion-free ring and V* is finite 
cyclic it follows from statements N, , N, and N, on pages 290 and 291 of [6] 
that 1 V* [ is 2, 4 or 6 (recall Corollary 1 of [2]). 
If 1 V* I = 2, then V = V, E 2. 
If ] V* 1 == 4, then let LY E V* have order 4. Then CX~ = -1 so V = V,[CX] 
is a homomorphic image of Z[x]/(x2 -+ 1). But this ring has only finite rings 
for proper homomorphic images so in fact V E Z[X]/(X~ -+ 1). 
Now suppose 1 V* 1 = 6 and let (Y be a generator of I/‘*. Then cy3 f 1 = 0 
and V = V,[a] is a homomorphic image of Z[X]/($ + 1). Then since V is 
torsion free the homomorphism from Z[x]/(x3 $- 1) onto V can be extended 
to a homomorphism from Q[x]/($ + 1) onto the quotient ring of V with 
respect to the non-zero elements of V, . But 
Q[xl/(x” t 1) s Q[xl/(x + 1) OQ[xl/(~ - x + 1) 
has only 3 proper ideals. Thus V G Z[x]/(x + 1), Z[X]/(X~ - x -I- 1) or 
Z[X]/(X? + 1) and only the latter two have 6 units. 
The sequence 
l-+1 +N+R,[N]*+Ra*-+l 
splits and so 1 1 + N 1 = I N j is odd and, by Lemma 3, N+ is cyclic. Let 
1 N 1 = m, let b be a generator of N+, suppose b2 = tb with 0 < t < m and 
put S = R,,[NJ Since b is nilpotent we have 0 = t*b for some s. Thus every 
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prime which divides m also divides t. Without loss of generality wc may 
assume that t ; m. [Let t’ = (t, M) and s(t/t’) = 1 (mod m). Choose I with 
r = s (mod m,lt’) and r E 1 (mod q) f or all q dividing nz but not m/t’. Then 
(Y, m) = 1, tr = t’ (mod m), ra has order m, and (YU)~ = t’(ra)]. Thus we 
have shown that S z Z[x]/(mx, x2 - tx). 
If [(R/N)* 1 = 2 or 4 then the sequence 
I-+1 +:V+R*+(R/N)“+l 
splits. In particular, RX is the product of 1 + N and a group of order 2 or 4. 
In the former case this factor must be (%I>, so R = RJR*] = R,[N] = S. 
In the latter case let OL be an element of order 4. Then 01~ -t 1 --- 0 and R,[a] 
is isomorphic to Z[x]j(x2 + 1). N ow R = R&b, a]. Let orb = & for 
0 < 9 < m. Then --b = (r2b = u2b implies that m / (z+ + 1). In this case 
therefore R is isomorphic to 
qx, y]/(mx, x2 - tx, y2 -j- 1) xy - 7%). 
Now assume [(R/N)* [ = 6, so [ R* 1 = 6m. We first consider the case 
where 3 { m. Yiow S* has order 2m and hence contains no elements of order 6. 
Choose p in R* with p3 = -1; then R = S&] = RJb, p]. Let T --I: R&a]. 
Ifii = p ANin R/Nthenji3 = --I and 
In particular (R/N)* is generated by jk 
If R/N is isomorphic to Z[x]/(x” + I) then 1, F, ,G are linearly independent 
over Z and therefore 1, CL, p2 are linearly independent over R, . Thus 
T z Z[x]/(x’ -/- 1). Let @ = ob with 0 < er < m, Then -b LL: $b = a3b 
implies that m 1 v9 + 1. Thus R is isomorphic to 
Z[x, y]/(mx, x2 - tx, y3 + 1, s;y - 57x). 
If R/N s Z[x]j(x” - x+l)then~2-~+l =OandtL2-~+l~hr. 
But @” - P + 1)” = 3”-‘($ - p + 1) for t > 1; so p2 - p + 1 E IV and 
(3, m) =T- 1 yield ~/.a - p + 1 = 0. Let @ = vb; then f~2 - p + 1 = 0 
implies that (@ - v + 1)b = 0 and m I w2 - v + 1. Thus R is isomorphic to 
Z[x, y]/(mx, x2 - tx, y2 - y + 1, ~3’ - vx). 
Now assume that 3 I m. Since -1 - b generates S* we may choose p E R* 
with $ =y --I - b; then R = R,,[b, ~1. Let 4 = vb; then -@b = 
(1 + b)b 2 (1 -j- t)b so -tij z I + t (mod m). But this forces R/N to be 
isomorphic to Z[x]/(xa + 1). Otherwise, letting ii = 1~ -k N in R/AT, 
p3r=:-].-.-b=>~3L3-lj~2 -~+l=o*/.&a--y+l =M 
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for some 0 < k < m. Then 
-b = (/L + l)($ -~+l)=(~-tl)Kb=(v+l)kb 
and -1 + (V + 1)k (mod m). Thus -1 = (V $- l)k (mod 3) and 
-tii 2;: 1 + t (mod 3) since 3 ( m. But 3 ] t also (since 3 j m) and so 
-v3 ‘_:. 1 (mod 3) Z= zl ,z 2 (mod 3) => (V + I)k -= 0 (mod 3), 
a contradiction. Hence R is isomorphic to 
qx, y]&zx, x2 - tx, r’ + 1 + x, xy - vx). 
We have now proved the first paragraph of the following theorem. The 
second paragraph is easily checked. 
TNEOREN 2. Let R be a nontrivial rirzg with R* finite cyclic, R := RJR*] 
and every torsion element nilpotent. Then R is isomorphic to one of the following: 
A. Z[x]&nx, x2 - tx), 
R. Z[x, y]i(mx, x2 - tx, yz + 1, xy - vx), 
C. Z[x, y][(mx, 9 - tr, y3 -+ I, q - vx), 
D. Z[x, y]/(mx, x2 - tx, y2 - y  t 1, xy - vx), or 
E. Z[x, y]/(mx, x2 - tx, 9 $ x $ 1, xy - vx), 
where in all cases m is odd, t 1 m, every prime dividing m divides t, 0 < v  < m, 
3 fin in cases C and D, 3 1 m in caye E, and m divides a2 -5 1, v3 i 1, 
v2 - v + 1, v3 + t --- 1 in cases B, C, D, E respectively. 
Moreover the .factor rings obtained by factoring out the nilradical from the 
rings A-E are isomorphic to Z, Z[x]/(x” + l), Z[x]/(x” -+ l), .Z[xJ/(zz - x + I) 
and Z[x]/(x7 + I) respectively. The groups of urtits of rings A-E are cyclic of 
orders 2m, 4m, 6m, 6m and 6m respective/y. 
It is easy to see that if two rings in Theorem 2 are isomorphic then they are 
in the same class A-E and have the same m’s and t’s. Given m and t as in the 
theorem there remains the questions of when there exists a v satisfying the 
conditions stated there and when two rings of the same type are isomorphic. 
The following table answers these questions. The columns indicate 
(i) when there is at least one solution for v; 
(iii) when two solutions ZI and v’ give isomorphic rings; 
(ii) and (iv) the number of incongruent solutions modulo m for v and the 
number of nonisomorphic rings respectiveIy (when the conditions in 
column (i) are satisfied). 
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(p) indicates a prime, k (resp. j) is the number of distinct primes 
(resp. primes = 1 (mod 3)) dividing m, and, for each prime p dividing m, 
r(p) is the highest power of p dividing m. We divide E into subcases El , 
when m/t z 0 (mod 3), and E2, when m/t f 0 (mod 3); in case Ez , let S 
equal 1 if 9 1 m and 0 otherwise. 
(9 (ii) (iii) (3 
B p[m+p=l(mod4) 2” u’zz fa(modm) 2k-4 
C always 35 v’ E v, v-l (mod m) (3j + 1)/2 
I) pim+p--=l(mod3) 2’ &=~,z+(modm) p-1 
El 9jm*9jt 393-l 3 # p / m 3 0’ 2 v (modp+(P)) 3i 
E, always 3ji8 * (see below) (3j+“+ 1)/2 
* either V’ = v (mod m) or, for all p 1 m with p :+ 2 (mod m), v’ = v = - 1 
(modp7(P)) or -1 + a’ + v + -1 (mod pr(p)). 
5. THE MAIX RESULTS 
By combining the results from @l--4 we have the following theorem and 
corollary. 
TIIEOREM 3. Let R be a ring with group of units R* and prime subring R, . 
Then R* is jnite cyclic if and on@ ;f RJR*] is isomorphic to a direct sum of 
rings R, ,..., R, where each Ri is one of the rings in Theorems 1 or 2 and the orders 
of their unit groups are pairwise relatively prime. 
COROLLARY. A Jtnite cyclic group occurs as the group of units of a ring if and 
om’y if its order is the product of a set of pairwise relatively prime integers drawn 
from the f5~~~‘ng list: 
(1) qt-- 1, wh~eq~Qprirneff?~t 2 1; 
(2) q*(q - I), where q is an odd prime and s 3 1; 
(3) 2(2h + 1), where h >, 0; 
(4) 4(2h + 1), where h >, 0 and every prime dividing 2h + 1 is congruent 
to 1 (mod 4). 
For completeness we include the following theorem concerning the infinite 
cydic group. 
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THEOREM 4. Let R be a ring with group of units R* and prime subring R, . 
Then R* is infinite cyclic if and only ;f  RJR*] is isomorphic to the group algebra 
of the infinite cyclic group over Z, . 
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